
	
	
	
	

	
	
	
	
	
	
	
	

	
	
	
	
	
Degrees	of	Freedom	à	2	
Reference-Moving	Frame	Relationship:	

𝜃"# = 𝜃%# = 𝜃%& + 𝜃&# 	
Assuming	no-slip	conditions,	

𝑣&# = −𝑟+𝜃&# 	
𝑣%# = 𝑣&# + 𝑟%𝜃%# = −𝑟+𝜃&# + 𝑟%𝜃%# 	

Total	Translational	Kinetic	Energy,	

𝐸-,/ =
1
2𝑚&𝑣&#3 +

1
2𝑚%𝑣%#3	

	

𝐸-,/ =
1
2𝑚&𝑟&3𝜃&#

3 +
1
2𝑚% −𝑟&𝜃&# + 𝑟%𝜃%#

3
	

	

𝐸-,/ =
1
2𝑚&𝑟&3𝜃&#

3 +
1
2𝑚%𝑟+3𝜃&#

3 +
1
2𝑚%𝑟%3𝜃%#

3 − 𝑚%𝑟+𝑟%𝜃&#𝜃%# 	

Total	Rotational	Kinetic	Energy,	

𝐸#,/ =
1
2 𝐼&𝜃&#

3 +
1
2 𝐼%𝜃%#

3
	

	

𝐸#,/ =
1
2 𝐼&𝜃&#

3 +
1
2 𝐼%𝜃%#

3
	

Total	Potential	Energy,	
𝑈 = −𝑚%𝑔𝑟% cos 𝜃%# 	

Non-conservative	Work	from	Input	Torque,	
𝛿𝑊 = 𝜏𝛿𝜃%& = 𝜏𝛿𝜃%# − 𝜏𝛿𝜃&# 	

Non-conservative	Work	due	to	Damping	from	the	Gearing	Mechanisms,	
𝛿𝑊 = −𝑏𝑟𝜃%& 𝛿𝑟𝜃%& = −𝑏𝑟3𝜃%&𝛿𝜃%& = −𝑏𝑟3𝜃%#𝛿𝜃%# + 	𝑏𝑟3𝜃&#𝛿𝜃&# 	

	
	 	

𝚤	

𝚥	

𝑘C⃑ 	

𝑶	

𝜃%& 	

𝑆ℎ𝑒𝑙𝑙, 𝑆	

𝜃&# 	

𝜃%# 	

𝑃𝑒𝑛𝑑𝑢𝑙𝑢𝑚,𝑃	



Using	Lagrange	Method,	
𝑚& +𝑚% 𝑟&3 + 𝐼& 𝜃&# − 𝑚%𝑟+𝑟%𝜃%# = −𝜏 + 𝑏𝑟3𝜃&# 	

𝑚%𝑟%3 + 𝐼% 𝜃%# − 𝑚%𝑟+𝑟%𝜃&# + 𝑚%𝑔𝑟% sin 𝜃%# = 𝜏 − 𝑏𝑟3𝜃%# 	
Simplifying,	we	get,	
	(1),	

𝜃%# =
𝑚& +𝑚% 𝑟&3 + 𝐼&

𝑚%𝑟+𝑟%
𝜃&# −

𝑏𝑟3

𝑚%𝑟+𝑟%
𝜃&# +

𝜏
𝑚%𝑟+𝑟%

	

𝜃%# −
𝑚%𝑟+𝑟%

𝑚%𝑟%3 + 𝐼%
𝜃&# +

𝑚%𝑔𝑟%
𝑚%𝑟%3 + 𝐼%

sin 𝜃%# =
𝜏 − 𝑏𝑟3𝜃%#
𝑚%𝑟%3 + 𝐼%

	

or	(2),	

𝜃&# =
𝑚%𝑟+𝑟%

𝑚& + 𝑚% 𝑟&3 + 𝐼&
𝜃%# +

𝑏𝑟3

𝑚& + 𝑚% 𝑟&3 + 𝐼&
𝜃&# −

𝜏
𝑚& + 𝑚% 𝑟&3 + 𝐼&

	

𝑚%𝑟%3 + 𝐼%
𝑚%𝑟+𝑟%

𝜃%# − 𝜃&# +
𝑚%𝑔𝑟%
𝑚%𝑟+𝑟%

sin 𝜃%# =
𝜏 − 𝑏𝑟3𝜃%#
𝑚%𝑟+𝑟%

	

	
(1)	and	(2)	give	rise	to,	

OPQOR SPTQUP
ORSVSR

− ORSVSR
ORSRTQUR

𝜃&# −
WST

ORSVSR
𝜃&# +

ORXSR
ORSRTQUR

sin 𝜃%# +
WST

ORSRTQUR
𝜃%# =

Y
ORSRTQUR

− Y
ORSVSR

		
ORSRTQUR
ORSVSR

− ORSVSR
OPQOR SPTQUP

𝜃%# +
ORXSR
ORSVSR

sin 𝜃%# +
WST

ORSVSR
𝜃%# −

WST

OPQOR SPTQUP
𝜃&# =

Y
ORSVSR

− Y
OPQOR SPTQUP

		

Converting	to	State-Space,	
𝑧[ = 𝜃&# 	
𝑧3 = 𝜃%# 	

𝑧\ = 𝑧[ = 𝜃&# 	
𝑧] = 𝑧3 = 𝜃%# 	

𝑧\ =

𝑏𝑟3
𝑚%𝑟+𝑟%

𝑚& + 𝑚% 𝑟&3 + 𝐼&
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚%𝑟%3 + 𝐼%

𝑧\ −

𝑚%𝑔𝑟%
𝑚%𝑟%3 + 𝐼%

𝑚& + 𝑚% 𝑟&3 + 𝐼&
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚%𝑟%3 + 𝐼%

sin 𝑧3

−

𝑏𝑟3
𝑚%𝑟%3 + 𝐼%

𝑚& + 𝑚% 𝑟&3 + 𝐼&
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚%𝑟%3 + 𝐼%

𝑧] +

𝜏
𝑚%𝑟%3 + 𝐼%

𝑚& + 𝑚% 𝑟&3 + 𝐼&
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚%𝑟%3 + 𝐼%

−

𝜏
𝑚%𝑟+𝑟%

𝑚& + 𝑚% 𝑟&3 + 𝐼&
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚%𝑟%3 + 𝐼%

	

𝑧] =

𝑏𝑟2
𝑚𝑆 + 𝑚𝑃 𝑟𝑆2 + 𝐼𝑆

𝑚%𝑟%3 + 𝐼%
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚& + 𝑚% 𝑟&3 + 𝐼&

𝑧\ −

𝑚%𝑔𝑟%
𝑚%𝑟+𝑟%

𝑚%𝑟%3 + 𝐼%
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚& + 𝑚% 𝑟&3 + 𝐼&

sin 𝑧3

−

𝑏𝑟3
𝑚%𝑟+𝑟%

𝑚%𝑟%3 + 𝐼%
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚& + 𝑚% 𝑟&3 + 𝐼&

𝑧] +

𝜏
𝑚%𝑟+𝑟%

𝑚%𝑟%3 + 𝐼%
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚& + 𝑚% 𝑟&3 + 𝐼&

−

𝜏
𝑚𝑆 + 𝑚𝑃 𝑟𝑆2 + 𝐼𝑆

𝑚%𝑟%3 + 𝐼%
𝑚%𝑟+𝑟%

− 𝑚%𝑟+𝑟%
𝑚& + 𝑚% 𝑟&3 + 𝐼&

	

	 	



Linearizing	the	state-space	expression	and	converting	it	into	matrix	form,	

𝒛 =

0 0 1 0
0 0 0 1

0 −
𝑚𝑃𝑔𝑟𝑃

𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

𝑚𝑃𝑟𝑠𝑟𝑃
− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃

𝑏𝑟2
𝑚𝑃𝑟𝑠𝑟𝑃

𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃

−
𝑏𝑟2

𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

𝑚𝑃𝑟𝑠𝑟𝑃
− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃

0 −
𝑚𝑃𝑔𝑟𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

abT

cPdcR bPTdeP
𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

−
𝑏𝑟2

𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

𝒛 +

0
0

1
𝑚𝑃𝑟𝑃2+𝐼𝑃

− 1
𝑚𝑃𝑟𝑠𝑟𝑃

𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃

1
𝑚𝑃𝑟𝑠𝑟𝑃

− f
cPdcR bPTdeP

𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

𝝉		

Hence,	we	have:	

𝐴 =

0 0 1 0
0 0 0 1

0 −
𝑚𝑃𝑔𝑟𝑃

𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

𝑚𝑃𝑟𝑠𝑟𝑃
− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃

𝑏𝑟2
𝑚𝑃𝑟𝑠𝑟𝑃

𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃

−
𝑏𝑟2

𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

𝑚𝑃𝑟𝑠𝑟𝑃
− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃

0 −
𝑚𝑃𝑔𝑟𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

abT

cPdcR bPTdeP
𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

−
𝑏𝑟2

𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

		

𝐵 =

0
0

1
𝑚𝑃𝑟𝑃2+𝐼𝑃

− 1
𝑚𝑃𝑟𝑠𝑟𝑃

𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑃𝑟𝑃2+𝐼𝑃

1
𝑚𝑃𝑟𝑠𝑟𝑃

− f
cPdcR bPTdeP

𝑚𝑃𝑟𝑃2+𝐼𝑃
𝑚𝑃𝑟𝑠𝑟𝑃

− 𝑚𝑃𝑟𝑠𝑟𝑃
𝑚𝑆+𝑚𝑃 𝑟𝑆2+𝐼𝑆

		

	
		


