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Degrees of Freedom = 2
Reference-Moving Frame Relationship:
Omr = Opgr = Ops + Ogp

Assuming no-slip conditions,

VUsk = —7s0sr ) )

Vpgp = Usg + 1pOpg = — 7505 + 1p0pp

Total Translational Kinetic Energy,
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Exr = > MsVsr + 5 MpVpR
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Exr = EerSZGSR + 5 Mme (_rSHSR + 7”P9PR)
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Exr = 5 MsTs Osp + 5 M7 Osr +§mP7”P Opr — MpTsTpOspbpp
Total Rotational Kinetic Energy,
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Err =§ISBSR +§IP9PR
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Total Potential Energy,
U= —mpgrp cosOpp
Non-conservative Work from Input Torque,
W = 1860ps = 160pg — 1605y
Non-conservative Work due to Damping from the Gearing Mechanisms,
SW = —br0pg(6r0ps) = —b120p560ps = —b1r?0pp60pg + br20sz 805



Using Lagrange Method,
[(ms + mp)rs? + I5]65g — MpT31p0pg = —T + br26sg
[mprp? + 1p]0pr — MpTsTpBsp + Mpgtp SinOpgr = T — br20pp
Simplifying, we get,
(1),
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Opr = Osr — Osr +
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[mprp? + Ip] [mprp? + Ip] [mprp? + Ip]
or (2),
o = MpTsTp 5 1 br? 0: T
SR = PR SR —
[(ms + mp)rs? + I5] [(ms + mp)rs? + I5] [(mg .+ mp)rs? + Ig]
[mprp? + Ip] .. . MpgTp T —br?bpg
MpTTp MpTTp MpTsTp
(1) and (2) give rise to,
[(ms+mp)rs?+Is] __mprsTp } o br? . mpgrp . br? . T T
{[ 7‘glPTs]TP [mprp2+1p)) "SR mprerp Osr [mprp?+Ip] Sin Opg + [mprp?+Ip] Opr = [mprp?+Ip]  mprsrp
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{ mprstp [(mS"'mP)TSZ‘I'IS]} PRt mprsTp sin Opr + Mmp7sTp Opr [(ms+mp)rs?+is] Ose = mprstp  [(ms+mp)rs?+ig]
Converting to State-Space,
zy = Ogp
z; = Opp
23 = Zl = HSR
zy = Z; = Opg
br? mpgTp
7. = MmpTsTp P [mprp? + Ip] sin z
3 {[(ms +mp)rs? +1I]  mpntp } : {[(ms +mp)rs® + ] mprrp } ?
MpTsTp [mprp? + Ip] MmpTsTp [mprp? + Ip]
br? T
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MpTsTp [mprp? + Ip] mp7sTp [mprp? + Ip]
T
MmpTsTp
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br? Mpgrp
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Z, = [ T3 1] Z3 [ TF 1] sinz,
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br? T
_ Mmp?sTp 7. + MmpTsTp
{[mPrPZ +1p] MpTsTp * {[mPTPZ +1p] MpTsTp }
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_ [Gng + mp)rs® + I]
{[mPrPZ + Ip] MpTsTp

MpTsTp [(ms + mp)rs? + I]




Linearizing the state-space expression and converting it into matrix form,
0

r0 1 0 ] - 0
0 0 0 1 0
_mpgrp br2 _wm? S N U
0 — [mPTPZ'HP] mprsTp _ [mPrPZHP] [mprPZHP] mprsrp
5= [(m5+mp)r52+15] mprsrp [(m5+mp)r52+15] mprsrp [(ms+mp)r52+lS] mprsrp 4 [(m5+mp)r52+15] mprsrp
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Hence, we have:
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